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Low-frequency polarization of sands and sandstones seems to be dominated by the polarization of the
Stern layer, the inner part of the electrical double layer coating the surface of the silica grains and clay
particles. We investigate a simple model of Stern layer polarization combined with a simple complexa-
tion model of the surface of the grains immersed in a 1:1 electrolyte like NaCl. In isothermal conditions,
the resulting model can be used to predict the complex conductivity of clayey materials as a function of
the porosity, the cation exchange capacity of the clay fraction (alternatively the specific surface area of
the material), and the salinity of the pore water. A new set of experimental data is presented. This dataset
comprises low-frequency (1 mHz–45 kHz) complex conductivity measurements of saprolites and sand-
stones that are well characterized in terms of their petrophysical properties (porosity, permeability, spe-
cific surface area or CEC, and pore size). This dataset, together with incorporating additional data from the
literature, is used to test the Stern layer polarization model. We find an excellent agreement between the
predictions of this model and this experimental dataset indicating that the new model can be used to pre-
dict the complex conductivity of natural clayey materials and clay-free silica sands.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

From non-equilibrium thermodynamics, the current density of
a porous material can be written as the sum of the classical Ohm’s
law plus two source current densities, one associated with the gra-
dient of the chemical potential of the charge carriers (diffusion cur-
rent) and one with the pressure gradient (streaming current) [1–3].
These source current densities are responsible for a phase lag be-
tween the current and the electrical field for harmonic imposed
current or electrical field [4–5]. The amplitude of the electrical
conductivity and the phase can be used to define a complex
electrical conductivity with an in-phase component characterizing
electromigration and a quadrature component characterizing
low-frequency polarization.

The understanding of the complex conductivity of dilute colloi-
dal suspensions has been the subject of a high number of theoret-
ical studies (e.g., [4,6]). The ‘‘standard’’ model developed by Dukhin
and Shilov [4,7] is based on the polarization of the electrical diffuse
layer. The standard model is, however, insufficient to reproduce
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the low-frequency polarization of colloidal suspensions [6]. It has
been recognized back in the nineties that this deficiency could be
explained by the polarization of the Stern layer and, since, a num-
ber of works have been devoted to understand the polarization of
this layer [8,9].

Granular porous media are, however, not colloids because of
their grain-to-grain contacts. As the grains are touching each other,
there is an overlap of the diffuse layer in porous media from
grain-to-grain. This overlapping may decrease the dipole moment
associated with the polarization of the diffuse layer. The Stern layer
remains, however, discontinuous. In a set of previous studies, Revil
and co-workers have argued that the polarization of the Stern layer
may be the dominant polarization mechanism in sandy and clayey
porous materials [5,10–14].

In the present paper, following [12], we provide a simple polar-
ization model of sands and clayey materials based on the polariza-
tion of the Stern layer neglecting completely the polarization of the
diffuse layer. We also present a new set of experimental data on
saprolites and sandstones. We see that the Stern layer polarization
model seems to explain well these experimental data. It can be
therefore used to develop time-lapse tomographic methods to
visualize non-intrusively changes in the pore water chemistry
and interfacial chemistry in granular media such as sands and
clayey materials and using techniques developed in geophysical
and medical imaging.
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2. The diffuse layer ‘‘Standard’’ polarization model

2.1. Rationale

In this section, we provide the rationale of the standard model
of Dukhin and Shilov [4–7] and its refinements. The standard mod-
el was developed to understand low-frequency dielectric disper-
sion (a-polarization) of colloids. It based on the following
assumptions: (1) a Gouy–Chapman diffuse layer surrounds insulat-
ing grains (spheres, rods, or ellipsoids can be considered) and the
densities of the counterions and co-ions follow Bolzmann statistics,
and there are considered to be point charges, (2) the background
electrolyte is a symmetric 1:1 electrolyte (e.g., NaCl), (3) the por-
ous material is homogeneous and isotropic, (4) all the equations
are linearized considering first-order perturbations only, (5) elec-
troosmotic effects can be taken into accounts modifying the appar-
ent mobility of the counterions and co-ions of the diffuse layer
[15], and (5) no Stern layer is considered (see Section 3).

The set of local coupled equations to upscale with proper
microscopic and macroscopic boundary conditions is (1) the
Nernt-Planck equation, (2) the Stokes equation (inertial effects
are neglected, so the flow is laminar) or alternatively the Navier–
Stokes equation accounting for the inertial term, and (3) the local
form of the Maxwell equations, which, for the problem of interest
(<50 kHz), can be taken in the quasi-magnetostatic approximation.
The electrical field is considered to be harmonic, and the field
equations can be solved in the frequency domain or in the Laplace
domain.

Modeling the low-frequency complex conductivity of granular
media is a two-step process involving (1) the modeling of the di-
pole moment of a single grain (or type of grains) and (2) upscaling
the solution for a water-saturated pack of grains or a colloidal sus-
pension. The two operations are completely decoupled. Usually, in
colloidal chemistry, researchers used a consistent approximation
rather than the differential effective medium theory because they
are dealing with dilute suspensions. The goal of the upscaling is
to obtain an expression of the low-frequency complex conductivity
r⁄ (or alternatively the low-frequency dielectric constant) of the
granular material defined as,

r� ¼ jrj expðiuÞ ¼ r0 þ ir00: ð1Þ

The term |r| denotes the amplitude of the electrical conductiv-
ity (in S m�1), while u describes the phase lag (usually reported in
mrad) between the current and the electrical field. The terms r0
and r00 denote the real (in-phase) and imaginary (quadrature) com-
ponents of the conductivity (both expressed in S m�1), and i de-
notes the pure imaginary number. The relationships between the
in-phase and quadrature conductivities and the amplitude and
phase are given by jrj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r02 þ r002
p

and u ¼ atanðr00=r0Þ. Because
the phase is small (smaller than 100 mrad in amplitude below
10 kHz), the phase is often approximated by u � r00=r0.

There are many refinements of the standard model. For in-
stance, Grosse [4] developed recently an extension of the standard
model for non-symmetric electrolytes, and Aranda-Rascón et al.
[16] developed the theory to account for the finite size of the ions.
Carrique et al. [17] developed a cell approach for concentrated col-
loids accounting for particle–particle interactions. They, however,
claim that a dynamic Stern layer would be required to improve
the theory. Pride [15] looked at the effect of electroosmosis on
the frequency-dependent complex conductivity. For simple sup-
porting 1:1 electrolytes, it was concluded in [18] that electroosmo-
sis can be taken into account by considering an apparent mobility
B(±) for cations (+) and anions (�) defined by

Bð�Þ ¼ bð�Þ þ
2ef kbT
gf e

: ð2Þ
in the specific surface conductivity associated with the electrical
diffuse layer. In Eq. (2), ef = (80 � 8.854) � 10�12 F m�1 denotes the
dielectric constant of water, kb denotes the Boltzmann constant
(1.3807 � 10�23 J K�1), T is the absolute temperature (in K), e de-
notes the elementary charge (1.6 � 10�19 C), gf denotes the dy-
namic viscosity of the pore water (10�3 Pa s), and b(±) denotes the
true mobility characterizing the electromigration of cations and an-
ions in water (e.g., b(+) (Na+, 25 �C) = 5.2 � 10�8 m2 s�1 V�1). The last
term of Eq. (2) is on the order of 0.4 � 10�8 m2 s�1 V�1. This means
that the apparent mobilities of the ions in the diffuse layer can be
slightly higher than the true mobility of the same ions in water
but the difference is very small, and electroosmosis is not expected
to play a big role.

2.2. Limitations

It was realized in the nineties that this standard model was un-
able to explain most experimental data even for dilute colloidal
suspensions [6,8]. The problems with the standard models are
the following: (1) a complete analysis of the equations shows that
the low-frequency response associated with the diffuse layer
should be non-linear, but harmonic distortions are hardly observed
at low frequencies for sandy and clayey materials, and (2) there are
many systems (like clays) in which an important fraction (>85%) of
the countercharge is located in the Stern layer and not in the dif-
fuse layer.

Zukoski and Saville [19,20] and later Lyklema [9] introduced a
dynamic Stern layer model that started to be used, in concert with
the standard model, to describe low-frequency induced polariza-
tion of colloids [5,21]. In the next section, we will give the rationale
for a Stern layer polarization model and provide a simple, semiem-
pirical way to describe low-frequency polarization of porous
media.

3. A simple Stern layer model

Our goal is to develop below a simple yet accurate model of the
low-frequency complex conductivity of porous materials based on
the polarization of the Stern layer. This model can be connected to
the interfacial electrochemistry of the mineral surface (complexa-
tion models). We first focus on providing the rationale for a Stern
layer-based polarization model (Section 3.1), then we describe
the maximum amplitude of low-frequency polarization (Sec-
tion 3.2), we couple the polarization model to a simple speciation
model for clay minerals (Section 3.3), and finally, we provide a sim-
ple frequency-dependent polarization model (Section 3.4).

3.1. Rational for the Stern layer polarization model

In silica sands and clays, the double layer coating the grains is
composed of not only a diffuse layer but also a Stern layer of sorbed
counterions including inner-sphere and outer-sphere ligands. The
existence of the Stern layer of weakly sorbed counterions is dem-
onstrated by molecular dynamic simulations and corresponds to
a condensation of the ions on the mineral surface breaking down
the Boltzmann statistics [22,23].

We consider an external electrical field varying with time as
E = E0 exp(ixt). The conservation of ionic species along the mineral
surface in the Stern layer is,

@CðþÞ
@t
¼ �rS � jðþÞ; ð3Þ

where C(+) denotes the concentration of the weakly sorbed cations
(in mol m�2) at the mineral surface (density of counterions per sur-
face area), »S denotes a surface divergence with respect to the cur-
vilinear coordinates describing the mineral surface, and j(+) is the



(a)

(b)

(c)

Fig. 1. Double layer associated with clay minerals. (a) TOT structure of clay minerals (T stands for the tetrahedral layer, O stands for the Octohedral layer). (b) The charge on
the surface of the clay minerals depends on the amphoteric sites located on the edges of the clay crystals and negative sites associated with isomorphic substitutions in the
crystalline framework of the clay minerals in the T- and O-layers. These isomorphic substitutions are responsible for the charge on the surface of the basal planes. c. The
mineral charge is compensated by counterions (M+) and coions (A�) forming a double layer. This double layer comprises a layer of sorbed counterions (the Stern layer) and a
diffuse layer.
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flux density of the weakly sorbed cations along the mineral surface
(in mol s�1 m�1). The electrostatic equations obeyed by the electri-
cal field in the low-frequency limit of the Maxwell equations are,

r � E ¼ q
e
; ð4Þ

r � E ¼ 0; ð5Þ

where e denotes the dielectric constant in the Stern layer and q is
the volumetric charge density. Eq. (5) implies in turn that the elec-
trical field can be derived from an electrostatic potential w. As
shown in [15] and [18], the electroosmotic velocity is zero on the
surface of the grains, so it should not be accounted for in the flux
densities on the mineral surface. The flux of cations along the min-
eral surface is therefore given by the classical Nernst–Planck local
equation,

jðþÞ ¼ �
bS
ðþÞCðþÞ
jqðþÞj

rS ~lðþÞ; ð6Þ

jðþÞ ¼ � �
bS
ðþÞCðþÞ
jqðþÞj

rSðqðþÞwþ kbT ln CðþÞÞ; ð7Þ

jðþÞ ¼ �
bS
ðþÞ

jqðþÞj
ðqðþÞCðþÞrSwþ kbTrSCðþÞÞ; ð8Þ

where ~lðþÞ denotes the electrochemical potential of the weakly
sorbed cations, »S denotes a surface gradient along the mineral sur-
face, bS

ðþÞ denotes the (Stern layer) ionic mobility of the weakly
sorbed cations, and q(+) = ( ± 1)z(+)e is their charge (z(+) is the un-
signed valence). The tangential mobility of the weakly sorbed coun-
terions is confirmed by nuclear magnetic resonance (NMR)
spectroscopy (e.g., [24] in the case of sodium on silica).

According to Eq. (6), the lateral transport of the counterions in
the Stern layer by electromigration is coupled to diffusion. In other
words, the flux density is controlled by the gradient of the electro-
chemical potential ~lðþÞ of the weakly sorbed cations in the Stern
layer, which comprises an electrostatic term and a concentration
gradient term (an activity gradient term for non-ideal solution).
Combining Eqs. (3) and (6) yields,

@CðþÞ
@t
¼

bS
ðþÞ

jqðþÞj
rS � qðþÞCðþÞrSwþ kbTrSCðþÞ

� �
: ð9Þ

Therefore, both the concentration gradient and the imposed
electrical field are locally tangential to the mineral surface. Note
that the electrical field resulting from the electrical double layer
is normal to the mineral surface, and therefore, the two electrical
fields are normal to each other. Concentration gradients and the
electrical field provide the driving forces for the migration of
the counterions along the Stern layer. The first boundary condi-
tion results from the continuity of the tangential component of
the electrical field at the interface between the Stern layer and
the diffuse layer. The second boundary condition results from
the fact that the surface of the grain is insulating and therefore
impervious to the transport of the counterions. For spherical
grains, Gauss’s law states [25],

�e
@w
@r

� �
r¼d=2

¼ Q0 þ Qb; ð10Þ



(a) Sample S490 (b) Sample S493

(c) Sample S498 (d) Sample S499

(e) Sample S436 (f) Sample S439

Fig. 2. Thin section photomicrographs of the six samples. (a) Medium to very coarse, poorly sorted, arkosic sandstone. (b) Very fine to medium, moderately sorted, subarkosic
sandstone. (c) Very fine to medium, moderately to well-sorted, subarkosic sandstone. (d) Fine to very coarse, poorly sorted, arkosic sandstone. (e) Poorly sorted sandy
conglomerate. (f) Clay with silt and very fine sand (mudstone).
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where Q0 is the mineral surface charge density (C m�3), Qb is the
charge density of the Stern layer (C m�3), and r is the radial distance
from the center of the spherical grain of diameter d. These equations
can be solved analytically [5] or numerically [25]. Rosen et al. [25]
considered in their model the possible exchange of counterions be-
tween the Stern layer and the diffuse layer.

The Stern layer model would involve the following predictions:
(1) a strong control of the polarization response by the cation ex-
change capacity or alternatively the specific surface area of the
material, (2) a reduced mobility for the electromigration of the
counterions at the surface of clay minerals, and (3) a reduced dif-
fusivity for the relaxation time (rather than the mutual diffusion
coefficient used in the standard model). We will discuss in the next
section, a model to capture the magnitude of the Stern layer polar-
ization of the clay minerals.

3.2. Expression for the complex conductivity

According to the Stern layer polarization model developed by
Revil and co-workers [5,13,14,26], the complex conductivity of a
granular material can be written as,
r� ¼ 1
F
rw þ r�S: ð11Þ
r� ¼ rw
1
F
þ Du�

� �
: ð12Þ
where F denotes the formation factor (dimensionless), rw de-
notes the (real) electrical conductivity of the pore water (in
S m�1), r�S denotes the complex-valued surface conductivity (in
S m�1), and Du� � r�S/rw denotes the complex-valued Dukhin
number (unitless). The electrical formation factor F is related
to the connected porosity / by Archie’s law F=/�m, and m de-
notes the cementation exponent [27]. A physical explanation of
the formation factor in terms of pore space topology is given
in Appendix A.

As mentioned above, the electrical double layer comprises the
Stern layer of weakly sorbed counterions (outer-sphere complexes)
and the diffuse layer (see Fig. 1). According to the Stern layer polar-
ization model, the complex surface conductivity and the complex
Dukhin number are given by [12],



Fig. 3. Pore size distribution from mercury intrusion experiments. We have also indicated the median values of the pore size distributions R50 and the modal pore throat size
Rm. The mudstone corresponds to the core sample with the smallest pore sizes.

Table 1
Description of the core samples in terms of petrology, porosity, permeability, and grain mass density. When the grain density is not directly measured, it is assumed equal to the
grain density of silica (2650 kg m�3).

Sample Type Porosity (–) Permeability (mD) Density grains (kg m�3)

S499 Coarse sandstone 0.265 1103 2596
S498 Medium sandstone 0.206 35.9 2635
S490 Coarse sandstone 0.233 635 2602
S493 Medium silty sandstone 0.232 115 2619
S439 Mudstone 0.208 2.62 2613
S436 Coarse sandstone 0.306 1623 2619
S9 Saprolite 0.48 16 –
S16 Saprolite 0.49 5.0 –
S22 Saprolite 0.43 7.7 –
S14 Saprolite 0.39 54.1 –
S20 Saprolite 0.33 10.2 –
S18 Saprolite 0.36 54.0 –
S5 Saprolite 0.45 21.4 –
S10 Saprolite – – –
S12 Saprolite 0.37 29.7 –
S7 Saprolite 0.48 326 –
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r�S ¼
2
3
qgCEC BðþÞð1� f Þ � ibS

ðþÞf
h i

; ð13Þ

Du� ¼ 2
3

qgCEC
rw

� �
BðþÞð1� f Þ � ibS

ðþÞf
h i

: ð14Þ

where f denotes the fraction of counterions in the Stern
layer (dimensionless), qg denotes the grain density (typically
2650 kg m�3), B(+) � b(+) denotes the apparent mobility of the coun-
terions in the diffuse layer (see Section 2), and bS

ðþÞ denotes the
mobility of the counterions in the Stern layer. For clay minerals,
Revil [12] found recently bS
ðþÞ (25 �C, Na+) = 1.5 � 10�10 m2 s�1 V�1

while for silica bS
ðþÞ (Na+, 25 �C) � 5.2 � 10�8 m2 s�1 V�1 (these val-

ues will be discussed further below in Section 5.2). The salinity
dependence of the partition coefficient f is discussed in Section 3.3
below.

The surface conductivity and the Dukhin (dimensionless) num-
ber are defined as the real part of the complex surface conductivity
and the real part of the complex Dukhin number,

rS ¼ Re½r�S	; ð15Þ



Table 2
Petrophysical Properties of the core samples. SSp (in m2/g) denotes the specific surface area determined by the BET method, F (–) denotes the intrinsic formation factor determined
from the conductivity measurements performed at different pore water salinities, and r0S (in S m�1) denotes the surface conductivity from the same data.

Sample Specific surface area (m2 kg�1) CEC (cmol kg�1) Formation factor (–) Surface conductivity (10�4 S m�1) Quadrature conductivity (S m�1)a

S499 48.6 – 5.6 ± 0.4 3.3 ± 0.7 �4 � 10�3

S498 5020 – 9.0 ± 0.8 390 ± 90 �1.6 � 10�3

S490 10,100 – 12.1 ± 0.4 400 ± 130 �1.5 � 10�3

S493 10,100 – 18.3 ± 0.4 570 ± 90 �2.5 � 10�3

S439 15,200 – 13.3 ± 0.7 290 ± 90 �1.5 � 10�3

S436 88 – 4.0 ± 0.3 – �2 � 10�3

S9 14,957 – 4.1 ± 0.3 39 ± 6 �1.1 � 10�3

S16 9261 – 5.9 ± 0.1 95 ± 2 �1.7 � 10�3

S22 18,174 – 4.4 ± 0.5 376 ± 34 �1.6 � 10�3

S14 14,834 5.24 ± 0.86 7.1 ± 2.5 386 ± 157 �1.2 � 10�3

S20 9.329 5.19 ± 0.84 5.1 ± 0.2 237 ± 23 �1.2 � 10�3

S18 13,659 7.86 ± 0.42 7.3 ± 2.6 633 ± 169 �1.6 � 10�3

S5 24,321 8.57 ± 0.18 4.4 ± 0.3 39 ± 32 �1.0 � 10�3

S10 29,091 7.95 ± 0.08 4.1 ± 0.8 – �1.7 � 10�3

S12 18,353 6.85 ± 0.01 5.1 ± 0.2 148 ± 15 �1.3 � 10�3

S7 17,102 4.96 ± 0.87 3.7 ± 0.3 14 ± 13 �4.0 � 10�4

a 1 Hz or at the peak frequency. Pore water conductivity (NaCl): about 0.1 S m�1.
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Fig. 4. Raw in situ pore water conductivity data. (a) Sketch of the high-sensitivity impedance meter used to collect the SIP measurements (ZEL-SIP04-V02). Adapted from
[34,35]. The measurements were collected using a Wenner-type array: A and B correspond to the current electrodes while M and N correspond to the potential electrodes. (b)
Measured phase versus frequency for the six samples saturated with native groundwater (for typical site groundwater quality see Table 2). (c) Electrical conductivity versus
frequency for the six samples saturated with the native groundwater (see Table 2, conductivity at room temperature: 0.048 ± 0.013 S m�1).
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Du ¼ Re½Du�	; ð16Þ

respectively.
The in-phase conductivity normalized by the pore water

conductivity, and the phase obey therefore the following
relationships,

r0

rw
¼ 1

F
þ Du; ð17Þ
u � �
2
3 FbS

ðþÞfqgCEC

rw þ 2
3 BðþÞFð1� f ÞqgCEC

; ð18Þ

respectively. Following [12,14], Eq. (18) for the phase lag can be also
approximated by,

u � �
bS
ðþÞfQV

rw þ BðþÞð1� f ÞQV
; ð19Þ



Table 3
Typical composition of the natural groundwater (GW) for the sandstones and
saprolites used to perform some of measurements. TDS: total dissolved solids.

Parameter Units Sandstone Saprolite

TDS mg L�1 318 433
Conductivity lS cm�1 479 64
pH – 8.1 7.5
Alkalinity mg L�1 109 175
Na+ mg L�1 30.6 2.7
K+ mg L�1 3.9 2.0
Ca2+ mg L�1 65.0 26
Mg2+ mg L�1 3.1 5.0
Cl- mg L�1 6.0 3.5
HCO�3 mg L�1 123 220

SO2�
4

mg L�1 132 90
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To go from Eq. (18) to Eq. (19), we use the following relationship
F � (3/2)(1 � /)// (see [10]). The total charge per unit volume (to-
tal excess charge density) is related to the cation exchange capacity
(charge per unit mass of grains) of the material by,

Q V � qg
1� /

/

� �
CEC: ð20Þ

In the next section, we describe how the partition coefficient
depends on the salinity.

3.3. Influence of surface chemistry

We propose here a simple model to describe the salinity depen-
dence of the partition coefficient f. We consider the sorption of so-
dium in the Stern layer of clays and the dissociation of protons,

> SH0 () > S� þHþ; ð21Þ

> S� þ Naþ () > S�Naþ; ð22Þ

where >S refers the surface (amphoteric) sites attached to
the crystalline framework, H0 are (immobile) protons, while the
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Fig. 5. Example of spectra for samples S439 (mudstone) and S436 (sandy conglomerate
weakly sorbed Na+ are considered to be mobile in the Stern layer.
The equilibrium constants for the reactions (21) and (22) are given
by,

KNa ¼
C0

SNa

C0
S� ½Naþ	0

; ð23Þ

KH ¼
C0

S� ½H
þ	0

C0
SH

: ð24Þ

The conservation equation for the surface species is given by,

C0
S ¼ C0

SNa þ C0
SH þ C0

S� þ C0
X; ð25Þ

where C0
S denotes the total surface site density (including the

charge associated with isomorphic substitutions in the crystalline
framework), C0

SNa, C0
S� , and C0

SH represent the surface charge den-
sity of the sites >S�Na+, >S�, and >SH0 respectively, and C0

X rep-
resents the number of equivalent sites corresponding to
isomorphic substitutions (all expressed in sites m�2). To simplify
the notations, we write pH = �log10 [H+], while [Na+] = Cf denotes
the salinity of the pore water solution. The resolution of the pre-
vious set of equations, Eqs. (23)–(25), is straightforward and
yields,

C0
SH ¼

C0
S � C0

X

1þ KH
10�pH ð1þ Cf KNaÞ

; ð26Þ

C0
S� ¼

ðC0
S � C0

XÞKH=10�pH

1þ KH
10�pH ð1þ Cf KNaÞ

; ð27Þ

C0
SNa ¼

ðC0
S � C0

XÞCf KNaKH=10�pH

1þ KH

10�pH ð1þ Cf KNaÞ
: ð28Þ

All the charged sites that are not compensated in the Stern layer
needs to be compensated in the diffuse layer. Therefore, the frac-
tion of the counterions in the Stern layer is defined by the follow-
ing equation,
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Fig. 6. Sketch of the equipment used for the permeability and electrical measure-
ments. Constant head permeameter. The non-polarizing Ag/AgCl electrodes for the
measurement of the complex conductivity are organized in a Wenner array (A and B
are the current electrodes, M and N are the potential electrodes). The electrodes
ABMN are located in the middle of the sample holder (see comparison with the
sample holder shown in Fig. 4). We use the same impedance meter as shown in
Fig. 4 (ZEL-SIP04-V02).
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f ¼ C0
SNa

C0
SNa þ C0

S� þ C0
X

: ð29Þ

f ¼ fM
Cf KNa

fMð1þ Cf KNaÞ þ ð1� fMÞ 1þ Cf KNa þ 10�pH

KH

h i
8<
:

9=
;; ð30Þ

where fM denotes the highest value of f reached at high salinities,

fM ¼ lim
Cf>>1=KNa

f ¼ 1� C0
X

C0
S

: ð31Þ

The value of fM is about 0.99 for kaolinite, 0.90 for illite, and 0.85 for
smectite (see [12]). At high pH values (typically near-neutral pH or
higher),

f � fM
Cf KNa

1þ Cf KNa

� �
: ð32Þ

We look now for the pH dependence of the CEC. The CEC is defined
by,

CEC ¼ e
fM

C0
SNa þ C0

S� þ C0
X

� �
Ssp: ð33Þ

where Ssp correspond to the specific surface area (in m2 kg�1) and e
the elementary charge. After some algebraic manipulations and
simplification, we obtain,

CECðpH;CfÞ ¼
KH þ Cf KNaKH

KH þ Cf KNaKH þ 10�pH

 !
CECM : ð34Þ
CECM ¼ eC0
SSsp: ð35Þ

where CECM corresponds to the maximum CEC at value at high pH
values.

From Eqs. (1), (11), and (13), the quadrature conductivity is gi-
ven by,

r00 ¼ �2
3
qgb

S
ðþÞf CEC; ð36Þ

where the product of f by the CEC is given by f CEC ¼eC0
SNaSsp (the

quadrature conductivity is controlled by the density of weakly
sorbed sodium counterions in the Stern layer). Starting with Eqs.
(30), (34), (35), and (36), we obtain,

r00 ¼ r00M
Cf KNaKH

10�pH þ KHð1þ Cf KNaÞ

 !
; ð37Þ

r00M ¼ �
2
3

qgb
S
ðþÞfMeC0

S

� �
Ssp: ð38Þ

where r00M denotes the quadrature conductivity reached at high
salinity and high pH. At high pH values, Eq. (37) can be approxi-
mated by

r00M � r00M
Cf KNa

1þ Cf KNa

� �
: ð39Þ

Eq. (39) offers a simple expression to compute the salinity
dependence of the quadrature conductivity.

3.4. Influence of frequency

In the previous model, we have not accounted for the frequency
dependence of the complex conductivity. Low-frequency induced
polarization is classically described in terms of a Cole–Cole distri-
bution given by (e.g., [10,28]),

r� ¼ r1 1� M
1þ ðixsCCÞc

� �
; ð40Þ

M ¼ r1 � r0

r1
; ð41Þ

where M (0 < M < 1) denotes chargeability (dimensionless but usu-
ally expressed in mV V�1 when the measurements are obtained in
the time-domain, r0 denotes the DC (Direct Current) electrical con-
ductivity (x = 0), r1 the high-frequency electrical conductivity
(x
 1/sCC), sCC denotes the Cole–Cole time constant, c denotes
the Cole–Cole exponent for the complex conductivity. Expressions
for r0 and r1 that are compatible with the ones described above
in Section 3.1 are provided in Appendix B. The case c = 1/2 corre-
sponds to the Warburg impedance model, which corresponds in
turn to have the Stern layer behaving as a leaking capacitance be-
cause of the sorption/desorption of counterions.

The in-phase and quadrature components of Eq. (40) are given
by,

r0 ¼ r1 �
1
2

Mnf1�
sinh½c lnðxsÞ	

cosh½c lnðxsÞ	 þ cos½p2 ð1� cÞ	g; ð42Þ

r00 ¼ �1
2

Mn cos p
2 ð1� cÞ
	 


cos h c lnðxsÞ½ 	 þ sin p
2 ð1� cÞ
	 


( )
: ð43Þ

where Mn = Mr1 = r1 � r0 denotes the normalized chargeability of
the material. Eqs. (42) and (43) can be used to invert complex
conductivity spectra in terms of the four Cole–Cole parameters:
q0 = 1/r0, M, c, and sCC. The normalized chargeability is actually
equal to the quadrature conductivity given by Eq. (39) at the peak
frequency.



Fig. 7. In-phase and quadrature conductivities at different pore water salinities. pH values in the range 5–6. For sample S16, we observe that the quadrature conductivity
peaks at the same frequency whatever the salinity of the NaCl solution.
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The angular frequency of the phase peak is given by

xpeak ¼
r1
r0

� �1=2c 1
sCC
¼ 1

1�M

� �1=2c 1
sCC

: ð44Þ

If M� 1, then xpeak � 1/sCC.
For clean sands, The Cole–Cole relaxation time was found to be

controlled by the mean pore size of the material K according to
[13]

sCC ¼
K2

2DS
ðþÞ
; ð45Þ

where DS
ðþÞ denotes the diffusion coefficient of the counterions in

the Stern layer (see Section 5.2).
4. Experimental data

In order to test further the Stern polarization model on natural
porous media, we developed a new database of well characterized
sandstones and saprolites. This database comprises 17 samples di-
vided into two sets of materials: 11 unconsolidated saprolitic core
samples and 6 weakly consolidated sandstones (including a
mudstone).
4.1. Core samples

Six samples were collected from the Great Divide Basin (Wyo-
ming). Five samples are grain supported sandstones with angular
to subrounded grains (Fig. 2). Sample S439 is a mudstone
(Fig. 2f). The pore size distributions of these materials were deter-
mined form mercury intrusion (Fig. 3).

Eleven saprolite samples were taken from the Oak Ridge Na-
tional Laboratory (Tennessee). The saprolite results from the
weathering of Middle Cambrian interbedded shale, siltstone, and
limestone forming the parent rock material [29]. The sand and silt
fractions (in weight) are grossly 50% and 30%, respectively, and the
clay fraction is about 20% [30–33]. The clay is mainly illite with
some mixed-layer illite–smectite clay minerals. The petrophysical
properties of all the samples are reported in Tables 1 and 2.

4.2. Measurement of the complex conductivity

Complex conductivity measurements were performed using
four electrodes. The complex impedance Z⁄ (in ohm) is defined as

Z�ðxÞ ¼ U
I
¼ jZ�ðxÞjeiuðxÞ; ð46Þ

where U is the measured voltage difference between two electrodes
M and N, I denotes the magnitude of the current injected/retrieved
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at electrodes A and B, and |Z�(x)| and u(x) denote the amplitude
and the phase of the complex impedance, respectively. The complex
resistivity q� = 1/r� (in X m) is related to Z� by a geometrical factor
K (in m): q�(x) = KZ�(x). This geometrical factor K takes into ac-
count the position and dimensions of the electrodes and the insulat-
ing boundary conditions on the sample holder.

The electrical measurements were taken using a ZEL-SIP04-V02
impedance meter (Fig. 4a, see [34] for details on this apparatus and
[35] for benchmark tests). Spectral induced polarization spectra
were recorded at 25 frequencies from 1 mHz to 45 kHz, with
repeatability checked by running samples twice, or running a lim-
ited frequency range several times. The accuracy of the instrument
is �0.1–0.3 mrad at frequencies below 1 kHz.

For the five sandstones and the mudstone, the following fluids were
used to saturate the samples: (1) natural site groundwater (conductiv-
ity at 25 �C, 0.048 ± 0.013 S m�1) and (2) the following NaCl solutions
at 1 mM (measured conductivity 0.033 S m�1), 10 mM (0.204 S m�1),
30 mM (0.328 S m�1), and 100 mM (1.125 S m�1).

Ag–AgCl electrodes were used for both injection and potential
electrodes. Most electrode arrays were circumferential with some
being axially arranged. The spectra for the sandstone/mudstone
samples saturated with the ground water (see composition in
Table 3) are shown in Fig. 4b and c. The spectra obtained for
Samples S439 and S436, at different salinities, are shown in
Fig. 5. Saturation of the samples was done with a vacuum chamber.

For the saprolite core samples, we used the permeameter
shown in Fig. 6. The reported pore water conductivity is the con-
ductivity of the effluent once equilibrium has been reached at a gi-
ven salinity with a NaCl solution. The complex conductivity of
samples S14, S20, S18, S5, S10, S12, and S7 were measured with
salinities at 10 mM, 30 mM, and 100 mM (NaCl), while the Samples
S9, S16, and S22 were measured at the following salinities natural
ground water (see Table 2, typical conductivity of the effluent
comprised between 0.0064 and 0.0072 S m�1), 3 mM (typical
conductivity of the effluent 0.0390 S m�1), 10 mM (typical conduc-
tivity of the effluent 0.12 S m�1), 30 mM (typical conductivity of
the effluent 0.32 S m�1), 100 mM (typical conductivity of the efflu-
ent 0.90 S m�1), and 300 mM (typical conductivity of the effluent
2.54 S m�1) (NaCl solutions) plus using the ground water described
in Table 2. We use the same impedance meter (ZEL-SIP04-V02),
and we investigated the same frequency range than above for
the sandstones and the mudstone. Some of the spectra are dis-
played in Fig. 7.

4.3. Determination of the permeability

For the sandstones and the mudstone, the permeability was
determined from the mercury intrusion experiments using the
Swanson approach [36]. The validity of this approach was checked
on two samples for which the permeability was measured by a
flow-through experiment. For instance for Sample S498, we obtain
a Klinkenberg-corrected air permeability of 78 mD versus an esti-
mated permeability of 87 mD using the Swanson approach. For
Sample S493, we obtain a Klinkenberg-corrected air permeability
of 25 mD versus an estimated permeability of 27 mD using the
Swanson approach.

For the saprolite core samples, the permeability was directly
estimated using the permeameter shown in Fig. 7 using flow-
through experiments with the pore water. The permeability was
measured at each salinity, and we found no dependence of the per-
meability on the salinity (potential swelling/shrinking effects asso-
ciated with the presence of smectites could have been expected).
All the data are reported in Table 1.

4.4. Measurement of the CEC and specific surface area

In addition to the complex conductivity measurements, we
also performed cation exchange capacity (CEC) and specific sur-
face area (using the BET method) measurements. The CEC mea-
surements were performed on 7 saprolite core samples using a
barium chloride solution to displace the cations sorbed to the
clays (see protocol in [37]). All the seven samples were analyzed
in duplicates with relative standard deviation less than 17%. The
average measured CEC value of the samples ranges from 5.0 to
8.6 cmol kg�1 or CECM = (4.8–8.3) � 103 C kg�1 (see measurements
in Table 2).

Specific surface area measurements were performed with the
BET method using nitrogen as the adsorbent gas. Measurements
were collected using a surface area analyzer (Micromeritics ASAP
2020). The surface area of pores of the core samples was calculated
using the Brunauer, Emmett, and Teller (BET)-theory [38,39]. The
specific surface area measurements are reported in Table 2 for all
the core samples.

In Fig. 8, we plot the specific surface area measurements of the
seven saprolite core samples versus their cation exchange capacity.
The ratio of the CEC by the specific surface area defines the equiv-
alent charge per unit surface area: QS = CECM/Ssp which is approxi-
mately equal to 0.32 C m�2 (two elementary charges per nm2,
[40]). In Fig. 8, our measurements are shown to be consistent with
a broad range of literature data indicating a surface charge density
comprised between 1 and 3 elementary charges per nm2 for clay
minerals [41–49].
5. Theory versus experimental data

In this section, we compare the model discussed in Section 3
with the experimental data described in Section 4. The following
aspects of the model are tested: dependence of the complex
conductivity on the salinity, specific surface area, cation exchange
capacity, and pore size.
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Fig. 9. Normalized conductivity versus the Dukhin number for all the saprolite core samples (pH � 5–6,) having the same range of formation factors 5.1 ± 1.0 (see Table 2).
The measurements are reported at 1 Hz.
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5.1. Dependence on the Dukhin number

From Eqs. (12) and (16), the in-phase conductivity can be writ-
ten as,

r0 ¼ rw
1
F
þ Du

� �
: ð47Þ

Therefore, the normalized conductivity ðr0=rwÞ depends only
on the unitless Dukhin number Du and the formation factor F.
In Fig. 9, we plot the normalized conductivity versus the Dukhin
number for three saprolite core samples having the same forma-
tion factor. All the data fall along the trend predicted by Eq. (47)
showing that a linear conductivity model provides a correct rep-
resentation of the electrical conductivity at different pore water
conductivities.

5.2. Dependence on the specific surface area

According to Eq. (38), the plateau of the quadrature conductiv-
ity is also a measure of the specific surface area (in kg m�2) of the
porous material. From Eq. (38), we have,

r00 ¼ �aSSp; ð48Þ
a ¼ 2
3

bS
ðþÞfqgQ S: ð49Þ

where QS denotes the charge density of the mineral surface
(0.32 C m�2, see Section 4.4) and qg denotes the mass density of
the grains (solid phase). The mobility of the counterions in the Stern
layer is vastly different for silica and aluminosilicates, that is, clay
minerals [12,13], and such different property materials should
therefore yield two distinct master curves with very different values
of the coefficient a.

For clayey sands, taking bS
ðþÞ (Na+) = 1.5 � 10�10 m2 s�1 V�1 at

25 �C, f = 0.90, QS = 0.32 C m�2, qg = 2650 kg m�3, we can write
r00 � �aSSp with a = 7.6 � 10�8 S kg m�3 [12]. For the clean sands
and sandstones, if we use b(+) (Na+) = 5.2 � 10�8 m2 s�1 V�1,
f = 0.50, QS = 0.64 C m�2, qg = 2650 kg m�3, we obtain a = 2.9 �
10�5 S kg m�3 [13]. For the clean sands and sandstones, the specific
surface areas were calculated from the median grain diameters,
(d50) using SSp = 6/(qgd50) where qg = 2650 kg m�3 denotes the den-
sity of the silica grains.

In Fig. 10, we plot the quadrature conductivity versus the spe-
cific surface area of the core samples investigated in the present
study together with additional data from the literature. The data-
sets split into two distinct linear trends: one for clean sands and



Fig. 10. Influence of the specific surface area SSp upon the quadrature conductivity.
Trend determined for clayey sands from the model developed by Revil [12] at
0.1 S m�1 NaCl. For the data from [13] and [55–59], the measurements are reported
at 10 Hz. For the data from Binley et al. [60] (Eggborough and Hatfield sandstones),
they are reported at 1.4 Hz.

Fig. 11. Determination of the partition coefficient f (fraction of the counterions in
the Stern layer) and total volumetric charge density QV using the phase lag data
plotted as a function of the conductivity of the pore water (at 1 Hz, NaCl). The plain
line corresponds to the best fit of the model using a constant value of the partition
coefficient.
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one for clayey materials. This indicates that the mobilities of the
counterions in the Stern layer of silicates and aluminosilicates
are very different from each other.
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Fig. 12. Dependence of the quadrature conductivity with the salinity (all the
saprolite core samples, NaCl, pH � 5–6). The plain line corresponds to the
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at high salinities.
5.3. Dependence on the salinity

In Figs. 11 and 12, we test the dependence of the phase and quad-
rature conductivity on the pore water conductivity. In Fig. 10, we
test Eq. (19) together with the data on the saprolite core samples
using bS

ðþÞ (Na+) = 1.5 � 10�10 m2 s�1 V�1 and B(+) (Na+) = 5.6 -
� 10�8 m2 s�1 V�1 at 25 �C (see Section 2). The data are fitted with
a constant value of the partition coefficient f = 0.92 and a charge
per unit volume of 5.7 � 107 C m3 as determined in Fig. 11. The par-
tition coefficient is consistent with the presence of illite in the pore
space, while the charge per unit pore volume is consistent with Eq.
(20). Indeed, taking a grain density of qg of 2650 kg m�3, a cation ex-
change capacity CEC of 6 cmol kg�1 (see Table 2) and a porosity of
u = 0.40 (Table 1), we obtain QV = 2.3 � 107 C m�3.

In Fig. 12, we test the prediction of Eq. (39) regarding the salinity
dependence of the quadrature conductivity with the pore water conduc-
tivity. Eq. (39) is able to represent all the saprolite data fairly well. Using
taking CECM = 6� 103 C kg�1 (see Table 2), bS

ðþÞ (25 �C, Na+) = 1.5 -
� 10�10 m2 s�1 V�1 (see Section 5.2), and fM = 0.92 (high salinity asymp-
totic value) yields r00M =�(1.1–1.9)� 10�3 S m�1 at high salinities in
excellent agreement with the laboratory data shown in Fig. 12 (see
the high salinity asymptote for which r00M = �(1.5) � 10�3 S m�1).
5.4. Dependence on frequency

We develop a methodology to invert the Cole–Cole parame-
ters using the genetic algorithm. We first determined the initial
values of the Cole–Cole parameters with the use of two existing
deterministic algorithms from [50,51]. An extensive series of
tests of these two algorithms showed that there were not able
to converge property in fitting our data (not shown here). That
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said, if we used these algorithms to get a set of values for the
Cole–Cole parameters, which are then used as starting parame-
ters for the genetic algorithm, we obtain an excellent fit of the
data (Fig. 13). The genetic algorithm we used is based on the
built-in MATLAB Global Optimization Toolbox.

In Fig. 14a, we show that the Cole–Cole time constant inverted
from the genetic algorithm seems independent on the salinity of
the pore water solution. This is consistent with our model as the
diffusion coefficient of the counterions in the Stern layer is ex-
pected to have only a weak dependence on the salinity. We have
performed a similar analysis for the Cole–Cole exponent
(Fig. 14b), and we found also that the Cole–Cole exponent c is inde-
pendent on the salinity of the pore water.

5.5. Dependence on the pore size

We are now in the position to determine the relationship be-
tween the Cole–Cole time constant and the pore size. If we look
at Fig. 3, we see that Samples S490, S499, and S436 are character-
ized by the biggest pores (median in the range 12–14 lm). Their
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spectra peak at low frequencies (0.05–0.1 Hz, see Fig. 4). At the
opposite, Sample S439 is characterized by narrow pores (median
0.5 lm), and its phase peaks at high frequencies (10 Hz).

In Figs. 15 and 16, we plot the Cole–Cole time constant versus
the pore size of the material, either determine from the permeabil-
ity or from mercury intrusion experiments. In the first case, the
permeability is related to the mean pore size by,

k ¼ K2

8F
: ð50Þ

where F denotes the formation factor discussed in Appendix A. Katz
and Thompson [52] developed a relationship between the perme-
ability and a percolation length scale Rc that can be determined
from mercury data: kS ¼ R2

c =ð226FÞ. A comparison between this
equation and Eq. (50) yields Rc � 5.3K.

We found, here again, that the data for clean sands and clayey
materials split into two distinct linear trends. This observation is
again consistent with a mobility of the counterions of the Stern
layer of clays two orders of magnitude smaller for clays than on
the surface of silica. The diffusion coefficient entering into the
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Fig. 15. Relationship between the low-frequency time constant and the mean size of the pore throat for clayey materials. The size of the thin section images is 1 mm in x. COx
stands for Callovo–Oxfordian. The plain line corresponds to the prediction of the model. Data from [59,61,62].
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expression of the Cole–Cole time constant is indeed related to the
mobility of the counterions in the Stern layer, bS

ðþÞ, by the Nernst–
Einstein relationship,
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DS
ðþÞ ¼

kbT
jqðþÞj

bS
ðþÞ; ð51Þ

where |q(+)| is the absolute value of the charge of the counterions in
the Stern layer. A value of bS

ðþÞ (Na+, 25 �C) = 1.5 � 10�10 m2 s�1 V�1

(Section 5.3) yields DS
ðþÞ (Na+, 25 �C) = 3.8 � 10�12 m2 s�1 for clays.

This value is used to compute the trends for clayey materials shown
in Figs. 15 and 16. For the clean sands and sandstones, we use the
value of the mobility of the cations in water, which leads to a diffu-
sion coefficient of DS

ðþÞ (Na+, 25 �C) = 1.32 � 10�9 m2 s�1.
Another point worth discussion is the relationship between the

value of the Cole–Cole exponent c and the broadness of the distri-
bution of the pore sizes (see Fig. 3). Samples S490 and S499 have a
relatively high value of c (0.4–0.5) and are characterized by narrow
peaks in the pore size distribution (Fig. 3). At the opposite, Samples
S493 and S439 have low value of c (flatter spectra) and are also
characterized by broader distributions of their pore sizes. So, the
value of c could be associated with the broadness of the pore size
distribution with values close to 0 for very broad pore size distribu-
tions and close to 0.5 for very narrow pore size distributions.

In Table 4, we report the value of the Cole–Cole exponent c, the
value of the cementation exponent m, and the broadness of the
pore size distribution. We see that the Cole–Cole exponent is al-
ways comprised between 0.5 (in this case, the Cole–Cole model
is equal to a Warburg impedance model) to values smaller than
0.10 (very flat spectra). The cementation exponent m is always lar-
ger or equal to unity (Appendix A).

We plot these data in Fig. 17 using a rough marker of the grain
size distribution (very sharp, sharp, broad, and very broad). Do-
main A is characterized by very narrow pore size distributions
and cementation exponent close to 1.5, which is the theoretical va-
lue according to the differential effective medium theory for a pack
of spherical grains. The value of the Cole–Cole exponent for this do-
main is the one corresponding to a Warburg impedance. This is
typically the domain corresponding to clean well-sorted sands. Do-
main B is characterized by complex microgeometry, broad pore



Table 4
Relationship between the sharpness of the pore size distribution and the value of the
Cole–Cole exponent c.

Sample Refs. Sharpness c m

S499 This work Sharp 0.41 1.30
S498 This work Sharp 0.37 1.39
S490 This work Sharp 0.28 1.71
S493 This work Very broad 0.23 1.99
S439 This work Very broad 0.23 1.65
S436 This work Broad 0.23 1.50
S9 This work Very broad 0.15 1.92
S22 This work Very broad 0.09 1.81
A1 [53] Very sharp 0.56 1.32
F36 [54] Sharp 0.47 1.59
F32 [54] Sharp 0.58 1.54
WQ1 [54] Sharp 0.32 1.56
SP1 [54] Very sharp 0.57 1.48
SP2 [54] Very sharp 0.32 1.49
SP3 [54] Very sharp 0.47 1.65
SP4 [54] Very sharp 0.37 1.58
SP5 [54] Very sharp 0.33 1.54
SP6 [54] Very sharp 0.22 1.70
F36-C [54] Sharp 0.32 1.48
F32-C [54] Sharp 0.35 1.40
WQ1-C [54] Sharp 0.44 1.59
SP1-C [54] Very sharp 0.50 1.30
SP2-C [54] Very sharp 0.40 1.35
SP3-C [54] Very sharp 0.45 1.49
SP4-C [54] Very sharp 0.28 1.54
SP5-C [54] Very sharp 0.33 1.44
SP6-C [54] Very sharp 0.28 1.53
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size distributions, and the presence of clays. For this domain, the
Cole–Cole exponent reaches small values consistent with the broad
pore size distributions, and m reaches a value close to 2 character-
izing a complex pore space topology. This implies that the expo-
nent c is a measure of the pore size distribution and that for a
pore distribution defined by the delta function, the frequency-
dependent model is the Warburg model. This also implies that
the Debye decomposition used in various disciplines (colloidal
chemistry and geophysics for instance) to determine the distribu-
tion of relaxation times is not correct (it would imply indeed that
if all the pores are the same, the Cole–Cole exponent should be
equal to 1, which translates to a Debye model). In other words,
complex conductivity spectra should be deconvoluted by a War-
burg model to obtain the pore size distribution. Such pore size dis-
tribution could be compared to the T2 relaxation time distributions
from nuclear magnetic resonance (NMR) spectra. We let this point
for a future work.

5.6. Dependence on the CEC

As explained in Section 4.4, the CEC and the specific surface area
are related to each other by QS = CECM/Ssp where the surface charge
density QS is about 0.32 C m�2. Using this relationship in Eq. (36),
we obtain,

r00 ¼ �bCECM; ð52Þ

b ¼ a
Q S
¼ 2

3
bS
ðþÞfqg : ð53Þ

For clayey sands, taking a = 7.6 � 10�8 S kg m�3, we obtain
b = 2.38 � 10�7 S kg C�1 m�1. The prediction of Eq. (52) with
b = 2.38 � 10�7 S kg C�1 m�1 is shown in Fig. 18 with both the
experimental data of [53] and those of the present work. There is
a fair agreement between the model and the data.

6. Conclusions

We have reached the following conclusions.

(1) We have developed a simple polarization model accounting
for the dependence of the in-phase and quadrature conduc-
tivities on the porosity, cation exchange capacity (or specific
surface area of the material), and salinity of the pore water
for simple supporting electrolytes like NaCl in isothermal
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conditions. This model is coupled with a very simple com-
plexation model on the surface of the minerals. This model
is used to define the salinity dependence of the partition
coefficient of the counterions between the Stern and diffuse
layers.

(2) The quadrature conductivity of sands and sandstones seems
to be controlled by the polarization of the Stern layer. The
mobility of the counterions in the Stern layer of silica sands
is two orders of magnitude higher than the mobility of the
counterions in the Stern layer of clay minerals. This is con-
firmed through the inversion of the Cole–Cole time constant
as the diffusion coefficient entering this time constant can be
related as well to the mobility of the counterions in the Stern
layer.

(3) The salinity dependence of the in-phase and quadrature con-
ductivity are very well-explained by our model. The quadra-
ture component is controlled by the salinity dependence of
the partition coefficient for the counterions between the
Stern and diffuse layers.

(4) The frequency dependence of the complex conductivity is
usually well described by a Cole–Cole model with a Cole–
Cole exponent comprised between 0.5 (for very narrow pore
size distribution) to values smaller than 0.10 for very broad
pore size distributions. Both the Cole–Cole exponent and the
Cole–Cole time constant are independent on the salinity of
the pore water solutions for simple supporting electrolytes
like NaCl.

Molecular dynamics simulations could be performed to see how
to explain the mobility of the counterions in the Stern layer and to
simulate the dynamic Stern layer in order to better understand
low-frequency induced polarization in sandy and clayey materials.
Such simulations could be also used to coupled diffuse and Stern
layers polarizations.
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Appendix A. Physical description of the formation factor

The formation factor is defined by the electrical conductivity
problem of a porous material when surface conductivity by be ne-
glected. From Eq. (8), we have indeed,

lim
Du¼0

r00

rw

� �
¼ 1

F
: ðA1Þ

In a porous material with insulating grains, the following
canonical boundary value problem for the normalized electrical
potential C for a cylindrical representative elementary volume of
porous material of length L

r2C ¼ 0 in Vp ðA2Þ

n̂ � rC ¼ 0 on S ðA3Þ

C ¼
L at z ¼ L

on S
0 at z ¼ 0

8><
>: ðA4Þ

where n̂is the unit vector normal to the pore water/mineral inter-
face S and Vp denote the pore volume [64]. The formation factor F
is obtained by summing up the Joule dissipation of energy
[64,65]). This yields,

1
F
¼ 1

V

Z
Vp

jrCj2dVp; ðA5Þ

where V is the total volume of the considered representative ele-
mentary volume. From Eq. (B5), 1/F can be regarded as an effective
porosity [66], which is only a fraction of the total connected poros-
ity / ¼ Vp=V . This implies in turn,

1
F
6 / and F � /�m ) m P 1 ðA6Þ
Appendix B. Low and high-frequency conductivity

The main assumption made in our analysis is that the grains are
touching each other so the diffuse layer is continuous but not the
Stern layer [12]. Under this assumption, we expect that the Direct
Current (DC) conductivity and the high-frequency conductivity are
given by,

r0 ¼
1
F

rw þ bðþÞð1� f ÞQ V

h i
; ðB1Þ

r1 ¼
1
F

rw þ bðþÞð1� f Þ þ bS
ðþÞf

h i
Q V

n o
: ðB2Þ

These equations can be demonstrated through a volume averag-
ing approach [26]. The normalized chargeability
Mn ¼ Mr1 ¼ r1 � r0 is therefore, using Eq. (20), the normalized
chargeability is given as,

Mn ¼
1
F

� �
ð1� /

/
Þqgb

S
ðþÞf CEC; ðB3Þ

Mn �
2
3

� �
qgb

S
ðþÞf CEC; ðB4Þ

which is also the same equation obtained for the quadrature con-
ductivity (see Eq. (36)). To go from Eq. (B3) to Eq. (B4), we have used
the approximations (see [10]),

F � 1 � F; ðB5Þ

F � 1þ 3
2

/
1� /

� �
: ðB6Þ
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